Abstract: In this paper, we introduce a class of infinite Lie conformal algebras B(α, β, p), which are the semi-direct sums of Block type Lie conformal algebra B(p) and its non-trivial conformal modules of Zgraded free intermediate series. The annihilation algebras are a class of infinite-dimensional Lie algebras, which include a lot of interesting subalgebras: Virasoro algebra, Block type Lie algebra, twisted HeisenbergVirasoro algebra and so on. We give a complete classification of all finite non-trivial irreducible conformal modules of B(α, β, p) for α, β ∈ C, p ∈ C * . As an application, the classifications of finite irreducible conformal modules over a series of finite Lie conformal algebras b(n) for n ≥ 1 are given.
Introduction
The concept of Lie conformal algebra was introduced by Kac in [12, 13] , which gives an axiomatic description of the operator product expansion of chiral fields in conformal field theory (see [4] ). The theory of Lie conformal algebra plays an important role in quantum field theory and vertex algebras. Furthermore, Lie conformal algebra has close connections to Hamiltonian formalism in the theory of nonlinear evolution (see [1] ). In particular, they provide us powerful tools for the realization of the program of the study of Lie (super)algebras and associative algebras (and their representations), satisfying the sole locality property (see [14] ).
A Lie conformal algebra is called finite if it is finite generated as a C[∂]-module. Otherwise, it is called infinite. Virasoro Lie conformal algebra Vir and current Lie conformal algebra Curg associated to a finite-dimensional simple Lie algebra g are two classes of important finite Lie conformal algebras. As is well known, Vir and all current Lie conformal algebra Curg exhaust all finite simple Lie conformal algebras (see [9] ). In recent years, the structure theory and representation theory of finite Lie conformal algebras were intensively studied (see, e.g., [2, 7-9, 15, 18, 21, 23] ).
But, the theory of infinite Lie conformal algebra is relatively backward. Some interesting examples of infinite Lie conformal algebras were constructed by closely linked infinite-dimensional loop Lie algebras, such as loop Virasoro Lie conformal algebra, loop Heisneberg-Virasoro Lie conformal algebra, loop Schrödinger-Virasoro Lie conformal algebra (see, e.g., [6, 10, 20] ). One of the most important examples of infinite simple conformal algebras is the general Lie conformal algebra gc N , which plays the same important role in the theory of Lie conformal algebras as the general Lie algebra gl N does in the theory of Lie algebras. Thus, the general Lie conformal algebra gc N and its subalgebras have been investigated by many authors (see, e.g., [3, 5, 16, 19] ). In addition, there are also some infinite simple Lie conformal algebras constructed from Gel'fand-Dorfman bialgebras (see [11] ).
In the present paper, we define a new class of infinite Lie conformal algebras B(α, β, p), which are associated with Block type Lie conformal algebras B(p) studied in [17] . Then we determine the classification of all finite non-trivial irreducible conformal modules of them. Block type Lie conformal algebras B(p) with p = 0 has a C[∂]-basis {L i | i ∈ Z + } and λ-brackets as follows
(1.1)
Note that the subalgebra
is the so-called Virasoro Lie conformal algebra. All finite irreducible conformal modules over Vir were explicitly classified and constructed in [7] . The special case B(1) has a close relation with the general Lie conformal algebra gc 1 . It is worth to point out that the super analogue of B(p) was also constructed in [22] by analyzing certain module structures of B(p). The rest of this paper is organized as follows. In Section 2, we introduce some basic definitions, notations, and related known results about Lie conformal algebras. In Section 3, we first introduce the definition of B(α, β, p) by analyzing certain module structures of B(p), and investigate its subalgebras, quotient algebras and extended annihilation algebras. In Section 4, we determine the irreducibility of all free non-trivial rank one modules over B(α, β, p). Then we give a complete classification of all finite non-trivial irreducible conformal modules of B(α, β, p) by showing that they must be free of rank one. In Section 5, we construct a class of new Lie conformal superalgebras about B(α, β, p), which are generalizations of Lie conformal superalgebras of Block type. At last, as an application of our main result, we also obtain the classification of all finite non-trivial irreducible conformal modules over b(n) which are some quotient algebras of B(α, β, p).
Throughout this paper, all vector spaces, linear maps and tensor products are considered to be over the field of complex numbers. We denote by C, C * , Z and Z + the sets of complex numbers, nonzero complex numbers, integers and nonnegative integers, respectively.
Preliminaries
In this section, we recall some basic definitions and results related to Lie conformal algebras in [9, 12, 13] for later use.
, where λ is an indeterminate and
⊗ R, subject to the following axioms:
for all a, b, c ∈ R.
A Lie conformal algebra is called finite if it is finite generated as a C[∂]-module. Otherwise, it is called infinite.
Let R be a Lie conformal algebra. A conformal R-module M is called finite if it is finitely generated over C [∂] . The rank of a conformal module M is its rank as a C[∂]-module. If R-module M has no non-trivial submodules, conformal module M is called irreducible. If R λ v = 0, the element v ∈ M is called invariant. Definition 2.3. An annihilation algebra A(R) of a Lie conformal algebra R is a Lie algebra with C-basis {a(n) | a ∈ R, n ∈ Z + } and relations (for any a, b ∈ R and k ∈ C)
where
Similar to the definition of the k-th product a (k) b of two elements a, b ∈ R, we can also define k-th actions of R on M for each j ∈ Z + , i.e. a (k) v for any a ∈ R, v ∈ M
A close connection between the module of a Lie conformal algebra and that of its extended annihilation algebra was studied in [7] by Cheng and Kac.
Proposition 2.4. A conformal module M over a Lie conformal algebra R is the same as a module over the Lie algebra A(R) e satisfying a (n) v = 0 for a ∈ R, v ∈ M, n ≫ 0.
The following result can be found in [7, 12] , which plays an important role in our classification.
Suppose that V n = 0 for n ≫ 0 and let N denote the minimal such n. Suppose that N ≥ 1. [22] ).
is a Z-graded free intermediate series module over B(p) with λ-action as follows:
Then we can define infinite Lie conformal algebra called extended Block type Lie conformal algebra B(α, β, p), which has a C[∂]-basis {L i , W i | i ∈ Z + } satisfying (1.1) and the following λ-brackets
Some interesting features on this class of Lie conformal algebras are presented as follows.
Subalgebras
Lie conformal algebra (see [15] , β = 0 also see [21] ). Here, we note that W(1, 0) and W(2, 0) are respectively Heisenberg-Virasoro Lie conformal algebra and W (2, 2) Lie conformal algebra. An interesting fact about them are given. Now we compute in W(1, 0). For any h ∈ C * , it is clear that
Hence, C[∂](L + hW ) spans a subalgebra of Heisenberg-Virasoro Lie conformal algebra and W (2, 2) Lie conformal algebra in common which is isomorphic to the classical Virasoro Lie conformal algebra. Moreover, the Lie conformal algebra B(α, β, p) has a non-trivial abelian conformal ideal
-module, which implies that it is neither simple nor semi-simple.
Quotient algebras
Considering the quotient algebras of B(α, β, p), we will get many finite Lie conformal alge-
It is clear that B(α, β, p) n is an ideal of B(α, β, p). For any n ∈ Z + , we define
. Taking p = −n, we can define the quotient algebras
by the following relations
with n ≥ 1. They can produce a series of new finite non-simple Lie conformal algebras. Two examples for n = 1, 2 are presented as follows.
Other λ-brackets are given by skew-symmetry.
are respectively Heisenberg-Virasoro Lie conformal algebra and
Other λ-brackets are given by skew-symmetry. We note that 
Extended annihilation algebra
Now we give the explicit Lie brackets of A(B(α, β, p)) and A(B(α, β, p)) e .
Lemma 3.3. (1)
The annihilation algebra of B(α, β, p) is
with the following Lie brackets:
(2) The extended annihilation algebra is
Proof. It follows from the definition of the k-th product in Definition 2.3 and B(α, β, p) that we have
Then by (2.1) and (2.2), we check that:
Remark 3.4. The Lie algebra A B(α, β, p) is interesting in the sense that it contains the following subalgebras: (a) when α = p, β = 0, the well-known twisted Heisenberg-Virasoro algebra is isomorphic to the Lie algebra spanned by {L i,0 , W j,0 | i, j ∈ Z}; (b) the Lie algebra generates by {L 0,m , W 0,n | m, n ∈ Z} is isomorphic to the annihilation algebra of W(α ′ , β) in [15] .
Next, we construct a subquotient algebra of A(B(α, β, p)) and study its representation theory. Clearly,
Lemma 3.5. Let V be a non-trivial finite-dimensional irreducible module over Q(k, N). Then we have dim(V ) = 1.
Proof. It follows from Lie's Theorem that we see that any irreducible finite-dimensional module over the solvable Lie algebra Q(k, N) is one-dimensional.
Classification of finite irreducible modules
The aim of this section is to give a complete classification of all finite non-trivial irreducible conformal modules over B(α, β, p). The main results will be presented after some preparations.
Equivalence of modules
The following classification of finite non-trivial irreducible conformal modules over B(p) appeared in [17] , which will be used in the following.
Lemma 4.1. Let V be a finite non-trivial irreducible conformal module over B(p). Then V is isomorphic to one of the following
Now we give the equivalence between the finite conformal modules over B(α, β, p) and those over its quotient algebra B(α, β, p) [n] for some n ∈ Z + .
Theorem 4.2.
Assume that V is a finite non-trivial conformal module over B(α, β, p). Then the λ-actions of L i and W i on V are trivial for i ≫ 0.
Proof. Clearly, V is also a finite conformal module over B(p). Using Lemma 3.1 of [17] , we obtain L i λ v = 0 for all i ≫ 0 and any v ∈ V . Choose such i such that i > |α|. Fix i ≫ 0. Using
one has W i λ v = 0 for any v ∈ V . The theorem holds.
Remark 4.3. A finite conformal module over B(α, β, p) is isomorphic to a finite conformal module over B(α, β, p) [n] for some large enough n ∈ Z, where B(α, β, p) [n] is defined by (3.2).
Rank one modules
Now we give a characterization of non-trivial free conformal modules of rank one over (
In fact, V a,b and V a,b,d are just conformal modules over W(α ′ , β) (see [15] ). (1) If p = −1, and
(2) If p = −1, and
Proof. Let V be a C[∂]-module. Regarding V as a conformal module over B(p) and according to the result in [17] , it is clear that
By Theorem 4.2, we see that L i λ v = W i λ v = 0 for i ≫ 0. Let k ∈ Z + be the largest integer such that the action of B(α, β, p) k on V is non-trivial. By the assumption of k, we can suppose that
and at least one of them is nonzero. We note that g 0 (∂, λ) = p(∂ + aλ + b), g i (∂, λ) = 0 for i ≥ 2 and
For i, j ∈ Z + , by Definition 2.2, one has
which gives that
Setting i = j = k in (4.2), and comparing the highest degree of λ, we get h k (∂, λ) = h k (λ) for any k ∈ Z + .
Then setting i = j = 0 in (4.1), we check that
Case 2. k ≥ 1.
Note that g k (∂, λ), h 0 (∂, λ) ∈ C for k ≥ 1. Taking i = k, j = 0 in (4.1), one can get that
If p = −k, we immediately obtain h k (λ) = 0. Let p = −k. In (4.4), if α = −k, one has h k (λ) = 0. If α = −k = p, we consider i = 0, j = k in (4.1), it can be rewritten as
which implies h k (λ) = 0. Now we always have h k (∂, λ) = 0 for k ≥ 1. Thus, we can conclude that the action of B(α, β, p) k on V is trivial for k ≥ 2. Then we can directly obtain this theorem by the discussion above and the classification of rank one modules of B(α, β, p). This completes the proof.
The irreducibilities of conformal modules V over B(α, β, p) defined in Theorem 4.4 are easy to determine. 
Main thorems
The following result shows that all finite non-trivial irreducible B(α, β, p)-modules are free of rank one. Lemma 4.6. Any finite non-trivial irreducible B(α, β, p)-module V must be free of rank one.
Proof. As we know, any torsion module of C[∂] is trivial as a module of Lie conformal algebra. Therefore, any finite non-trivial irreducible B(α, β, p)-module V must be free as a C[∂]-module. By Theorem 4.2, we see that the λ-actions of L i and W i on V are trivial for all i ≫ 0. Let k ∈ Z + be the largest integer such that the λ-action of B(α, β, p) k on V is non-trivial. Then V can be regarded as a finite non-trivial irreducible conformal module over B(α, β, p) [k] . We denote G = {L i,m ,W j,n , ∂ | i, j ∈ Z + , m, n ∈ Z + ∪ {−1}}. Here we note that
e . Furthermore, it follows from Proposition 2.4 that a conformal B(α, β, p) [k] -module V can be viewed as a module over the associated
From the definition of extended annihilation algebra, it is clear that the element ∂ ∈ G satisfies [∂,
Clearly, V z = ∅ for z ≫ 0 by (4.6). Let N ∈ Z + be the smallest integer such that V N = ∅.
First we consider
Thus, by the irreducibility of V , we see that V = C[∂]v. From G 0 is an ideal of G, we can get that G 0 acts trivially on V . By Proposition 2.4, we see that V is a trivial conformal B(α, β, p)-module, which gives a contradiction.
Next, consider N ≥ 1. Choose 0 = v ∈ V N . We will discuss two cases in the following.
Then V N can be seen as a G 1 /G N -module. Clearly, G 1 /G N is a finite-dimensional solvable Lie algebra. Because of Lie's Theorem, there exists a linear function χ on G 1 /G N such that
By Poincare-Birkhoff-Witt (PBW) Theorem, the universal enveloping algebra of G is
. . , i k , j ∈ Z + } as a vector space over C.
Then we have
Obviously, not all i ∈ Z + satisfyL i,−1 · v = 0. Otherwise, we can deduce that V = C[∂]v is free of rank one, which contradicts toL 0,−1 v = p(∂ + b)v for some b ∈ C by Lemma 4.1 and (2.3). Now we first consider α = p in this case. By the definition of extended annihilation algebra, one can get
(4.8)
Assume that R ∂ (respectively L ∂ ) is the right (respectively left) multiplication by ∂ in the universal enveloping algebra of G. It follows R ∂ = L ∂ − ad ∂ and the binomial formula that we obtain
that W i λ V = 0 by (4.7) and (4.9). Thus, the irreducibility of V as a B(α, β, p)-module is equivalent to that of V as a B(α, 
By the above computation, we see that the action ofW 0,0 on V can be obtained by B(p)-actions. Then V can be seen as an irreducible B(p)-module. Now the conclusion can be directly obtained by Lemma 4.1.
By the definition of extended annihilation algebra, we obtain that ∂ − (1) If p = −1, and
Realize new Lie conformal superalgebra
In this section, we construct a class of new Lie conformal superalgebras about B(α, β, p). First we recall the definition of Lie conformal superalgebras. 
for all a, b, c ∈ S.
Here, B(α, β, p) is regarded as a Z-graded Lie conformal algebra. We introduce a class of Z-graded free intermediate series modules over B(α, β, p). Given a, b, c ∈ C, let V a,b,c = ⊕ i∈Z C[∂]v i and define
Inspired by this, we consider a Z/2Z-graded C[∂]-module
where 
Proof. By Definition 5.1, the sufficiency is clear. Now we prove the necessity. Assume that S(a, b, c, {φ i,j , ϕ i,j }) is a Lie conformal superalgebra. It follows from [22] that we obtain a = 3p 2
using the Jacobi identity for triple (L 0 , G i , G j ), we get
Inserting µ = 0 in (5.1), we have
Taking λ → 0, we have ∂ Furthermore, for the above modules we have the same irreducibility assertions as those for B(α, β, −n)-modules in Proposition 4.5. The irreducible modules in Corollary 6.1 exhaust all non-trivial finite irreducible conformal modules over b(n).
